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We show that off-site processes and multi-orbital physics have a crucial impact on the phase diagram of
quantum gas mixtures in optical lattices. In particular, we discuss Bose-Fermi mixtures where the intra- and
interspecies interactions induce competing density-induced hopping processes, the so-called bond-charge inter-
actions. Furthermore, higher bands strongly influence tunneling and on-site interactions. We apply a multi-
orbital interaction-induced dressing of the lowest band which leads to renormalized hopping processes. These
corrections give rise to an extended Hubbard model with intrinsically occupation-dependent parameters. The
resulting decrease of the tunneling competes with a decrease of the total on-site interaction energy both affecting
the critical lattice depth of the superfluid to Mott insulator transition. In contrast to the standard Bose-Fermi-
Hubbard model, we predict a large shift of the transition to shallower lattice depths with increasing Bose-Fermi
attraction. The applied theoretical model allows an accurate prediction of the modified tunneling amplitudes
and the critical lattice depth both recently observed experimentally.
PACS numbers: 03.75.Lm, 67.85.Pq, 71.10.Fd
Quantum gas mixtures in optical lattices are well suited to
study in detail interaction-induced effects in condensed mat-
ter. They allow for the investigation of systems with spin de-
gree of freedom and with different species of particles that
can even obey different quantum statistics. In particular, the
experimental realization of atomic mixtures of bosonic and
fermionic particles (e.g., 87Rb-40K) in optical lattices [1–
4] triggered a vivid discussion on the role of inter- and in-
traspecies interactions. These experiments allow for the ob-
servation of the bosonic superfluid to Mott-insulator transi-
tion in the presence of fermionic atoms. The prominent fea-
ture observed in all experiments is the decay of visibility and
condensate fraction of the bosonic subsystem induced by the
interaction with the fermionic atoms. Two possible explana-
tions for this drop in bosonic coherence were proposed. First,
the process of adiabatic heating while ramping the lattice has
been suggested [5, 6]. It is caused by different contributions
of the atomic species to the total entropy and is therefore spe-
cific to the loading procedure of experiments with ultracold
gases. Second, an interaction-induced dressing of tunneling
and interaction processes has been found that causes a shift of
the superfluid to Mott-insulator phase transition [3, 7–9]. The
latter effect corresponds to a necessary extension of the Hub-
bard model at zero temperature and is therefore fundamental
for various lattice systems. The important role of interaction-
induced processes in optical lattices is caused by the specific
shape of the Wannier functions and the possibility of high fill-
ing factors.
The standard Bose-Fermi-Hubbard model [10] is restricted
to the lowest single-particle band and on-site interactions. In-
terestingly, it fails to describe interaction effects in boson-
fermion mixtures. For a fermionic band-insulator, which can
be assumed in the experimental realizations of Refs. [1–4],
the boson-fermion interaction gives rise only to an irrelevant
shift of the global chemical potential. Even for realistic as-
sumptions for the confining potential, the interspecies interac-
tion has little influence [11]. In contrast to the experimental
results, the superfluid phase is even more stable within this
framework. This poses the question of the applicability of
the standard Hubbard model for quantum gas mixtures. It
was pointed out that off-site interactions have a direct density-
dependent influence on the total tunneling [9, 12–18] and that
the inclusion of higher orbitals can have a strong impact on
all Bose-Fermi Hubbard parameters, i.e., tunneling and on-
site interactions [7–9].
In solid state systems, the impact of off-site interactions and
higher orbitals has been addressed but is usually rather small
[12–15]. Unlike in solids, these effects can be significant in
optical lattice systems due to the characteristic shape of the
Wannier functions. However, they have been only recently
discussed, e.g., in Refs. [7, 8, 16, 19–29], and are mainly re-
stricted to a single atomic species [16, 19–29]. In general,
either only multi-orbital effects [7, 8, 19–29] or off-site in-
teractions [16] are covered. As elaborated in Refs. [17, 18]
for purely bosonic systems and Ref. [9], the combination of
both is essential for a correct description. The treatment of
higher orbitals is usually performed only for few-site systems
[19, 22, 24] or by applying mean-field theory [20, 21, 25, 28],
which is insufficient in strongly correlated systems.
Recently, an exact band-dressing method has been devel-
oped for single-component bosonic systems [17, 18], which
allows for an accurate treatment of higher-band processes.
Here, we generalize this method to multi-component systems
and in particular Bose-Fermi mixtures. The physical effects
discussed in the following are in general present for all inter-
acting quantum gas mixtures. The exact results, however, de-
pend on the quantum statistics of the particles and the specific
parameters such as the detuning from the light field and the
atomic masses. For the example of a mixture of bosonic 87Rb
and fermionic 40K we present accurate phase diagrams that
significantly improve previous results. We find a large shift
of the superfluid to Mott-insulator transition, which is consid-
erably stronger than in reference [9]. In contrast to our exact
band-dressing method, the latter applies a band-elimination
technique to treat orbital degrees of freedom.
As a central result, we present the phase diagram of the
superfluid to Mott-insulator transition in a Bose-Fermi mix-
ture in section I. Furthermore, we discuss the crucial effect
of off-site interactions and the corresponding shortcomings of
the standard Bose-Fermi Hubbard model in section II. Subse-
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FIG. 1: (Color online) a Phase diagram for the superfluid to Mott-insulator transition of bosons with a fermionic band-insulator at different
interspecies attractions. The predictions of the standard Hubbard models are shown as a dahed black line. The attractive interaction effectively
reduces the total tunneling resulting in extended Mott-lobes. b The critical lattice depth of the superfluid to Mott-insulator transition as a
function of the interspecies scattering length aBF. The transition occurs at significantly shallower lattices than in the purely bosonic system
(aBF = 0). The dashed lines correspond to the Bose-Fermi Hubbard model and the dotted lines to an extended model with only lowest-band
processes (section IV).
quently, we present the procedure to incorporate higher-band
processes in section III. Afterwards, the corresponding ex-
tended Hubbard models and the implications for the bosonic
phase transition are discussed in detail in section IV.
I. PHASE DIAGRAMS
We will now first discuss the resulting phase diagrams of
the bosonic superfluid to Mott-insulator transition in the pres-
ence of a fermionic band-insulator, where the individual cor-
rections to the standard Hubbard model are discussed in de-
tail below. For concreteness, we choose a mixture of bosonic
87Rb and fermionic 40K in an optical lattice with a spac-
ing of a = 377 nm (experimental parameters of Ref. [3]).
For the respective wavelength, the Wannier functions of both
species are almost identical. The interaction between the
bosonic atoms is fixed to a repulsive scattering length of
aBB = 102 a0 [26], while the attractive interaction between
the two species is tunable over a wide range using a Feshbach
resonance [3, 30]. The fermionic nature of the spin-polarized
potassium atoms simplifies the system, as we can assume a
band-insulating phase and thus a fixed atom-number of one
fermion per lattice site. This simplification is valid for exper-
iments with high particle numbers and a strong confinement
[1–4, 31, 32]. In principle, it is possible to directly apply the
presented methods and extensions to systems where this as-
sumption does not hold as well as to other quantum gas mix-
tures. In particular, both atomic species can be bosonic or
fermionic and the generalization to multi-component systems
with more than two species is straight forward.
For a fermionic band insulator, the fermionic degrees of
freedom are frozen out and the physics can be described by
an effective bosonic model that takes into account all effects
induced by the interaction with the fermions. In the frame-
work of this paper, we will discuss in detail the derivation of
an effective Hamiltonian which reads
H˜ext = −
∑
〈i,j〉
b˜†i b˜j J˜
tot
nˆj ,nˆi +
∑
i
E˜nˆi − µ
∑
i
nˆi. (1)
We will see that despite its simplicity it already includes
higher-band and bond-charge off-site processes. The latter
gives rise to an occupation-dependent tunneling J totnj ,ni =
JB + (ni + nj − 1)XBB + 2XBF even within the lowest
single-particle band. Here, JB is the conventional tunneling;
XBB and XBF are the bond-charge tunneling elements aris-
ing from Bose-Bose and Bose-Fermi interactions, respectively
(section II). The interaction induced occupation of higher or-
bitals leads to a further occupation dependency of all parame-
ters, i.e., J˜B, X˜BB, X˜BF and E˜n.
The tilde above the parameters and operators in (1) indi-
cates the multi-orbital dressing as discussed in section III. The
effective single-band Hamiltonian (1) uses the ground state of
the interacting system, called the dressed band, instead of the
lowest single-particle band [17, 18]. The dressed operators b˜i
and b˜†i annihilate and create bosonic particles on site i in this
dressed band and nˆi = b˜
†
i b˜i counts the number of bosons on
site i. It is important to note that after the transformation to
the dressed band, the phase diagrams can be calculated using
standard single-band methods. The renormalized on-site en-
ergy E˜n is composed of the single particle energies of bosons
˜B,n and fermions ˜F,n as well as the interaction energies for
the repulsion between the bosons 12n(n−1)U˜n and the attrac-
tion between the species nU˜BF,n. The chemical potential µ
fixes the total number of bosonic atoms.
After calculating the dressed parameters, we apply
Gutzwiller mean-field theory to compute the critical lat-
tice depth of the transition from the superfluid to the Mott-
insulator. The phase diagrams of the extended model (1) are
shown in Fig. 1a. The effective chemical potential µ − E˜1
is given in units of the Hubbard on-site interaction U , where
3E˜1 is the renormalized on-site energy of one boson and one
fermion. For vanishing interaction between the bosons and
fermions aBF = 0 and a repulsive interaction aBB = 102 a0
among the bosons, the Mott-lobes are contracted compared
with the standard Hubbard model. This is a result of a de-
crease of the on-site energy and an increase of the total tun-
neling caused by off-site interactions [17]. For increasing at-
traction between bosons and fermions the effect is reversed
[9] and the Mott-lobes are extended exhibiting a critical tran-
sition point at much lower lattice depths. This effect can be
attributed to a strong reduction of the total tunneling ampli-
tude induced by interspecies off-site interactions.
In Fig. 1b the critical lattice depths for the superfluid to
Mott insulator transition for one, two and three bosons per
lattice site are shown as a function of the interspecies interac-
tion strength. The solid lines depict the results obtained us-
ing the extended model (1), while the dashed lines correspond
to the standard Bose-Fermi Hubbard model, which predicts
no dependency on the interspecies interaction aBF. As dis-
cussed above, for aBF = 0 the Mott-insulator transition is
shifted to deeper lattices, where the shift is increased with the
bosonic filling. This is mainly caused by the bosonic bond-
charge interaction X˜BB enhancing the total tunneling (section
II). With increasing attractive interaction aBF the transition
is strongly shifted to shallower lattice depths. Depending on
the filling, the shift of the Mott-insulator transition caused by
the fermionic atoms is 3-4ER for aBF = −300 a0. For a
mixture of bosonic 87Rb and fermionic 40K the interspecies
background scattering length is aBF ≈ −205 a0 [30] and can
be tuned by applying a Feshbach resonance [3, 30].
The predicted shift is considerably larger than calculated
with the adiabatic band elimination method in Ref. [9] which
also incorporates the bond-charge interactions. The effective
potential approach in Refs. [3, 7] does not include the im-
portant contributions of fermionic on-site energy and bosonic
bond-charge interaction. The extended Bose-Fermi-Hubbard
model (1) discussed here contains all relevant energies that
can affect the superfluid to Mott-insulator transition at zero
temperature. As a result, the Mott-insulator shift in Ref. [3]
can be partly explained by interaction-induced effects. This
provides a consistent picture, where the experimental obser-
vations [1–3] are a combined effect of the Hubbard extensions
and the adiabatic heating processes [5, 6] which depend on the
initial temperature of the quantum gas.
II. OFF-SITE INTERACTIONS
We now turn back to the full description of the applied ex-
tended Hubbard model which features two corrections to the
standard Hubbard model. First, off-site interactions lead to
a significant contribution to the total tunneling amplitude by
changing the effective tunneling potential. Second, the in-
clusion of multi-band processes causes a modification of all
model parameters.
As mentioned above, mixtures of ultracold spin-polarized
bosonic and fermionic atoms in optical lattices are usually
described by the standard Bose-Fermi Hubbard model. The
underlying tight-binding approximation restricts the model to
the lowest single-particle orbital and interactions between par-
ticles on the same lattice site. The resulting Hubbard Hamil-
tonian reads
HˆBFH =−
∑
〈i,j〉
(JBbˆ
†
i bˆj+JFfˆ
†
i fˆj) +
UBB
2
∑
i
nˆi(nˆi − 1)
+
∑
i
UBFnˆimˆi −
∑
i
(µBnˆi + µFmˆi),
(2)
Here, bˆi (fˆi) is the bosonic (fermionic) annihilation opera-
tor and nˆi (mˆi) the respective particle number operator. In
general, the tunneling matrix elements for bosons (JB) and
fermions (JF) can have different values. The on-site inter-
action is fully described by the parameters UBB and UBF
for intra- and interspecies interaction, respectively. The to-
tal number of bosonic and fermionic atoms are fixed by the
chemical potentials µB and µF. Under common experimental
conditions [1–4], the fermions are in a band-insulator phase
where Pauli-blocking prohibits tunneling. This freezes out the
fermionic degrees of freedom and the resulting Hamiltonian
captures the behavior of the bosons under the influence of ex-
actly one fermion per lattice site. Consequently, we can set
fˆ†i fˆj → 0, mˆi → 1 and get
HˆFBI =−
∑
〈i,j〉
JBbˆ
†
i bˆj +
UBB
2
∑
i
nˆi(nˆi − 1)
+
∑
i
(UBF − µB)nˆi.
(3)
The interaction energy UBF between bosons and fermions
can be absorbed into an effective chemical potential µeff =
µB − UBF and the resulting Hamiltonian does not differ from
the standard Bose-Hubbard model. Thus, the behavior of the
bosons is not influenced by the homogeneously distributed
fermions, which is in contradiction to the experimental ob-
servations [1–3].
In the derivation of the standard Hubbard model, it is ar-
gued that interaction processes between particles on neighbor-
ing lattice sites can be neglected due to their small amplitudes
compared with on-site interactions. This argument is how-
ever only partly correct, since some of these processes involve
the hopping of particles. In particular, the so-called bond-
charge interactions (see Fig. 2) are of high relevance and will
be discussed in the following. Compared to the conventional
tunneling, these processes can be non-negligible and conse-
quently alter the phase diagrams. In particular, the Wannier
functions in optical lattices differ strongly from their counter-
part in solid state materials leading to comparably large matrix
elements for bond-charge processes. In addition, the possibil-
ity of larger fillings in bosonic systems can enlarge these in-
teraction effects. Consequently, off-site interaction processes
can be strongly enhanced for optical lattice systems.
Consider the interacting part of the full two-particle Hamil-
tonian for the lowest band and two neighboring lattice sites L
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FIG. 2: (Color online) Interaction-induced off-site processes. Processes induced by the Bose-Bose interaction are a bosonic on-site interaction,
b density-density interaction, c pair-tunneling, and d bond-charge tunneling. Analogous interaction processes are induced by Bose-Fermi
interaction, namely, e on-site interaction, f density-density-interaction, g cross-tunneling, h pair-tunneling, i bond-charge tunneling of a boson
and k bond-charge tunneling of a fermion. The shading indicates the most important processes that are taken into account in the extended
Hubbard model (1). The bond-charge tunneling processes (d and i) are illustrated in l and m via tunneling in effective potentials.
and R
Hˆint =
1
2
∑
ijkl
UBBijkl bˆ
†
i bˆ
†
j bˆk bˆl +
∑
ijkl
UBFijkl bˆ
†
i fˆ
†
j fˆk bˆl, (4)
with i, j, k, l = L,R and
U
BB/BF
ijkl = gBB/BF
∫
wB∗i (r)w
B/F∗
j (r
′)V (r, r′)
×wB/Fk (r′)wBl (r) d3r d3r′.
(5)
The single-particle basis functionswB/Fi (r) are the maximally
localized Wannier functions, describing a boson/fermion sit-
ting on site i. In general, the Wannier functions can be differ-
ent for the individual atomic species depending on the atomic
masses and detunings. The interaction strengths are given by
gBB =
4pi~2
mB
aB and gBF = 2pi~
2
mr
aBF with the mass of the
bosonic atoms mB and the reduced mass mr of boson and
fermion. The interaction potential V (r, r′) we applied de-
scribes the scattering properties using a finite-ranged box po-
tential (see [17]). In a lowest-band treatment, this is usually
replaced by contact interactions, i.e., a δ-pseudopotential. In a
multi-orbital framework the latter would lead to mathematical
subtleties [19].
The distinct processes arising from the full two-body
Hamiltonian (4) for Bose-Bose and the Bose-Fermi interac-
tion are depicted in Fig. 2. In addition to the on-site interac-
tion (Fig. 2a), the Bose-Bose interaction leads to the density-
density interaction process VBB nˆinˆj (Fig. 2b), the correlated
tunneling of a particle pair PBB bˆ
†2
i bˆ
2
j (Fig. 2c), and the bond-
charge assisted tunneling −XBB bˆ†i (nˆi + nˆj)bˆj (Fig. 2d). The
respective matrix elements are VBB = UBBijji, PBB = U
BB
iijj/2,
and XBB = −UBBiiij = −UBBijjj . The amplitudes of these pro-
cesses are plotted in Fig. 3 as solid lines. While the density-
density interaction VBB and the pair tunneling amplitude PBB
are several orders of magnitudes smaller than the the standard
Hubbard processes, the bond-charge interaction XBB is only
one order of magnitude smaller than the conventional tunnel-
ing JB. As the bond-charge interaction −XBB bˆ†i (nˆi + nˆj)bˆj
scales with the particle number on both involved sites, it can
easily reach non-negligible values and must be accounted for
(see also [17]). In addition, all interaction processes scale lin-
early with the interaction strength which can be tuned experi-
mentally. Here, it is essential that the bond-charge interaction
contributes to the tunneling of the particles rather than the on-
site interaction. These estimations hold for a wide range of lat-
tice depths V0 & 5ER and scattering lengths |aBB| & 100 a0.
For the Bose-Fermi interaction more distinct processes ex-
ist as the interacting particles are distinguishable. First, the
cross-tunneling (Fig. 2g), which is similar to the density-
density interaction (Fig. 2f) except that the particles inter-
change, and second, the bond-charge interaction, where either
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FIG. 3: (Color online) Matrix elements for the different hopping
and interaction processes. The solid lines are the purely bosonic
processes, while the dashed lines correspond to Bose-Fermi interac-
tion and fermionic tunneling. Shown are the intra- and interspecies
on-site interaction UBB and UBF (green), the conventional tunnel-
ing amplitudes JB and JF (red), the bosonic bond-charge tunneling
XBB and XBF (blue) as well as density-density interactions VBB
and VBF (orange) and correlated pair-tunneling PBB (cyan). The
amplitudes are calculated for scattering lengths aBB = 102 a0 and
aBF = −200 a0.
5a bosonic (Fig. 2i) or a fermionic (Fig. 2k) particle tunnels.
However, assuming a fermionic band insulator all processes
involving the hopping of a fermion are forbidden. The re-
spective amplitudes of the processes induced by Bose-Fermi
interaction are plotted as dashed lines in Fig. 3.
In conclusion, only on-site interactions and bond-charge
tunneling of bosons have to be taken into account (shaded in
Fig. 2), since other processes are prohibited by the fermionic
band-insulator or contribute only with extremely small ampli-
tudes. Thus, the necessary extensions of the Hubbard Hamil-
tonian, i.e. the bond-charge processes in Fig. 2d and i, read
Xˆ = XˆBB + XˆBF = bˆ
†
i (U
BB
iiij bˆ
†
i bˆi + U
BB
ijjj bˆ
†
j bˆj
+UBFiiij fˆ
†
i fˆi + U
BF
ijjj fˆ
†
j fˆj)bˆj .
(6)
An intuitive physical understanding of the bond-charge tun-
neling induced by Bose-Bose as well as by Bose-Fermi inter-
action can be obtained by the analogy to an effective tunneling
potential [17]. Assuming contact interactions in the single-
band description and using the integral expressions (5), we
can rewrite the expression (6) as
Xˆ = bˆ†i bˆj
∫
d3r wB∗i (r)
(
gBBρˆ
BB
ij + gBFρˆ
BF
ij
)
wBj (r), (7)
where we introduced the reduced densities
ρˆBBij = nˆi|wBi (r)|2 + (nˆj − 1)|wBj (r)|2 (8)
ρˆBFij = mˆi|wFi (r)|2 + mˆj |wFj (r)|2. (9)
The−1 in the bosonic density corresponds to the exclusion of
self-interactions and is directly obtained from the commuta-
tion relations. Inside the integral, we can replace these oper-
ators by the density functions ρˆBBij → ρB(r) − |wBj (r)|2 and
ρˆBFij → ρF(r). In contrast to the operators ρˆij , the functions
ρ(r) contain the density of particles on distant sites (k 6= i, j).
However, this does not contribute to the integral (7) due to the
small overlap with the Wannier functions wi(r) and wj(r).
The bond-charge tunneling operator (7) can now easily be uni-
fied with the conventional tunneling to find the expression
Jˆ + Xˆ = 〈wBi (r)|
(
p2
2m
+ Veff(r)
)
|wBj (r)〉 bˆ†i bˆj (10)
which corresponds to the conventional tunneling in an effec-
tive potential Veff(r) = V (r) + gBB(ρB(r) − |wBj (r)|2) +
gBFρF(r).
In Fig. 2k and l the tunneling in effective potentials is
sketched. Repulsive interactions, as between the bosons, ef-
fectively reduce the lattice depth, while attractive interactions
have the opposite effect. Depending on the relative scatter-
ing lengths, the total tunneling can be strongly enhanced or
reduced. This is consistent with the results for the fermionic
tunneling obtained in [4]. The modification of the total tun-
neling in the lowest band already leads to a considerable de-
formation of the well-known phase diagram of the superfluid
to Mott-insulator transition for bosons as discussed later in
detail.
III. MULTI-ORBITAL RENORMALIZATION
Whereas in the previous section we introduced off-site in-
teractions as an important extension to the standard Hub-
bard model, we will now discuss another important feature of
the Hamiltonian (1), namely the effective inclusion of higher
bands. In the standard Hubbard model approach, only the
lowest single-particle band is assumed to be occupied. How-
ever, in the strongly correlated system particles are promoted
to higher orbitals due to the interaction-induced coupling be-
tween the orbitals. By changing their wave functions the par-
ticles minimize their on-site interaction energy (see section
III.B).
As a result of the population of higher orbitals, the effec-
tive wave function overlap of particles on neighboring lattice
sites changes. This leads to modified amplitudes of the tun-
neling and the off-site interactions. The orbital occupation
itself, however, is solely determined by on-site interactions
due to their dominating contribution to the total energy. Con-
sequently, the single-site problem can be handled separately
(see section III). Note that off-site processes are negligible
for the determination of the orbital occupations but not for the
calculation of the phase diagrams as elaborated in sections I
and II.
A. Multi-orbital dressing
The approach presented in the following can be divided into
four steps. (i) First, the single-site many-particle problem is
solved using the method of exact diagonalization, which is de-
scribed in section III.B. The respective ground state Ψ(n) is
a fully-correlated many-particle state of n bosons containing
the full information on the population of higher orbitals. (ii)
From the ground state Ψ(n), we construct a multi-orbitally
dressed band with creation and annihilation operators that
fulfill the usual relations b˜i |Ψ(n)〉i =
√
n |Ψ(n− 1)〉i and
b˜†i |Ψ(n)〉i =
√
n+ 1 |Ψ(n+ 1)〉i. For example, a tunnel-
ing processes in the dressed band is represented by b˜†i b˜j .
(iii) In the next step, the amplitudes of, e.g., tunneling and
bond-charge interactions in the dressed band are calculated.
These amplitudes effectively contain processes in all orbitals
and are explicitly occupation-number dependent. (iv) Finally,
we obtain an effective single-band Hamiltonian, where the
dressed band replaces the lowest Bloch band. This dressed-
band model now allows to apply standard single-band meth-
ods to calculate the phase diagram (ranging from mean-field
to quantum Monte-Carlo methods). In the following, we give
a detailed description of the steps (i) to (iii) while the last step
(iv) is elaborated in sections I and IV.
(i) From the calculations in section III.B we obtain
the single-site ground state, which is a superposition of
many-particle states Ψ(n) =
∑
N,M cN,M |N〉 |M〉. Here,
|N〉 |M〉 = |n0, n1, ...〉 |m0,m1, ...〉 is the product state with
nα bosons and mα fermions in the Wannier orbital w
(α)
B/F(r),
where α indicates the orbital and n =
∑
α nα. In the fol-
lowing we will assume a fermionic band-insulator with m =
6∑
αmα = 1. The state Ψ(n) consists of the lowest single-
particle band dressed with small contributions of higher bands
and we will refer to it in the following as the dressed band.
At zero temperature the particles will exclusively occupy the
many-particle state Ψ(n) instead of the lowest single-particle
band.
(ii) Now we turn to the representation of operators in the
dressed band using the ground state Ψ(n). Within a lowest-
band treatment a general two-site operator can be decomposed
in operators of the form
Oˆlowest−band = A OˆL OˆR, (11)
with an amplitude A and operators Oi consisting of cre-
ation/annihilation operators bˆ†i / bˆi on the left (L) or right (R)
site. As an example, for the tunneling operator from the right
to the left site it is A = −J , OˆL = bˆ†L, and OˆR = bˆR.
The corresponding operator of the dressed band O˜i can be
directly obtained from Oˆi by replacing the operators bˆ
†
i / bˆi
with their dressed counter-parts b˜†i / b˜i. The effective two-site
operator O˜ in the dressed band takes the form
O˜ = A˜nL,nRO˜LO˜R, (12)
with the occupation-number dependent amplitude A˜nL,nR .
(iii) In order to calculate the dressed-band amplitude
A˜nL,nR that effectively includes all orbital processes, we start
with the multi-orbital two-site operator. It can be decomposed
in the same way as for the lowest-band
Oˆ =
∑
{α},{β}
A{α},{β}Oˆ{α}L Oˆ
{β}
R , (13)
where the summation is over all possible sets of orbitals
{α} = {α1, α2, ...} and {β} = {β1, β2, ...}. A{α},{β} is the
amplitude for the corresponding process and Oˆ{α}i consists of
creation and annihilation operators bˆ(αk)†i and bˆ
(αk)
i for par-
ticles on site i in the orbital αk. In the simplest case – the
conventional tunneling – we have only sets with a single or-
bital {α} = α and {β} = β, the operators on the left and the
right site OˆαL = bˆ
(α)†
L , Oˆ
β
R = bˆ
(β)
R , and tunneling amplitudes
Aα,β between the orbitals α and β as defined below.
The effective amplitude A˜nL,nR is obtained from the ma-
trix element 〈ΨF| Oˆ |ΨI〉, where ΨI(nL, nR) denotes the ini-
tial and ΨF = Ψ(nL′, nR′) the final state of the process.
It thereby includes the summation over all multi-orbital pro-
cesses. Since the states are product states of the individual
lattice sites |Ψ(nL)〉 |Ψ(nR)〉, also the effective amplitude A˜
decomposes into individual site contributions
A˜nL,nR =
1
N
∑
{α},{β}
A{α},{β} 〈Ψ(nL′)| Oˆ{α}L |Ψ(nL)〉
× 〈Ψ(nR′)| Oˆ{β}R |Ψ(nR)〉 ,
(14)
where N = 〈ΨF| O˜LO˜R |ΨI〉 is needed for the correct nor-
malization. Note that the effective amplitude is intrinsically
occupation-dependent.
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FIG. 4: (Color online) a Contributions to the total tunneling in the
lowest band (dashed) and the dressed band (solid) for one bosons and
one fermion on each site. The total tunneling (black) is composed
of conventional tunneling J (green), bosonic bond-charge tunneling
XBB (red), and fermionic bond-charge tunneling XBF (blue). The
absolute value of all matrix elements are enhanced by orbital degrees
of freedom but due to their opposite signs the multi-orbital effects
partly compensate each other. b Deviations of the total tunneling
J˜totn,n = J˜B+(nL+nR−1)X˜BB+2X˜BF from the standard Hubbard
tunneling JB for different bosonic occupations nL = nR.
As an example, for the conventional single-particle tun-
neling of bosons it follows Aα,β = −Jαδα,β and N =√
nL
√
nR + 1. Here, Jα = −〈w(α)| p
2
2m + V (r) |w(α)〉 is
the tunneling amplitude in band α. As another example, the
multi-orbital bosonic bond-charge operator
XˆBB =
∑
{α},{β}
X
{α},{β}
BB bˆ
(α1)†
L bˆ
(α2)†
L bˆ
(α3)
L bˆ
(β1)
R +∑
{α′},{β′}
X
{α′},{β′}
BB bˆ
(α′1)†
L bˆ
(β′1)†
R bˆ
(β′2)
R bˆ
(β′3)
R
(15)
decomposes in left and right part Oˆ{α}L and Oˆ
{β}
R , that consist
of either one or three creation/annihilation operators. In con-
trast to the conventional tunneling, orbital-changing processes
are allowed for the multi-orbital bond-charge operator.
The renormalized amplitudes are depicted in Fig. 4 for
all relevant contributions to the total tunneling in the case
of one boson and one fermion per site (solid lines). The
7amplitudes for conventional tunneling J˜nL,nR (green line) as
well as bond-charge induced tunneling X˜BB,nL,nR (red) and
X˜BF,nL,nR (blue) can differ strongly from the lowest band
values, which are indicated as dashed lines. The multi-orbital
renormalization can enhance the conventional tunneling by
up to 30% and the bond-charge induced processes can even
be twice as strong as in the lowest single-particle band. In
the present situation of repulsive bosons and attractive Bose-
Fermi interactions, the effect is strongest for low boson num-
bers (see Fig. 4b). This is mainly caused by a compensa-
tion of Bose-Bose and Bose-Fermi interaction induced bond-
charge tunneling. Processes with imbalanced boson numbers
can be calculated analogously and are similarly affected. Due
to symmetry reasons the relation JnL,nR = JnR+1,nL−1 holds
for all tunneling processes from left to right.
B. On-site problem and on-site interaction
This section is dedicated to the explicit solution of the
many-body problem on a single lattice site for a given number
of particles. We apply the method of exact diagonalization
to compute the ground state Ψ(n) of n bosons and m = 1
fermion on a single lattice site. In particular, this leads di-
rectly to an occupation-number-dependent on-site energy En.
The Hamiltonian of the single-site problem reads
Hˆsite =
∑
α

(α)
B nˆ
(α) +
∑
α

(α)
F mˆ
(α)
+
1
2
∑
αβγδ
U
(αβγδ)
BB bˆ
(α)†bˆ(β)†bˆ(γ)bˆ(δ)
+
∑
αβγδ
U
(αβγδ)
BF bˆ
(α)†fˆ (β)†fˆ (γ)bˆ(δ),
(16)
with the bosonic particle number operator nˆ(α) = bˆ(α)†bˆ(α)
and the single-particle energies (α)B . The operators mˆ
(α),
fˆ (α)†, fˆ (α) and the energy (α)F are the fermionic analogues.
The multi-band interaction amplitudes are defined as
U
(αβγδ)
BB/BF = gBB/BF
∫
w
(α)∗
B (r)w
(β)∗
B/F(r
′)V (r, r′)
×w(γ)B/F(r′)w(δ)B (r) d3r d3r′,
(17)
where the interaction potential V (r, r′) is a finite-range box
potential with a width of 7.5 nm (see Ref. [17] for details).
These processes reflect the interaction-induced transition of
particles from the orbitals γ and δ to the orbitals α and β. This
couples the different orbitals, resulting in a correlated multi-
orbital ground state. We expand this Hamiltonian in the basis
of many-particle Fock-states |N〉 |M〉 and apply exact diago-
nalization, the so-called configuration interaction method. We
restrict the calculation to the lowest 9 bands per spatial direc-
tion and use a high energy cutoff [34]. The on-site energy is
directly obtained as the lowest eigenvalue of the matrix and
its contributions can be computed as expectation values of the
individual operators in (16) using the corresponding eigenvec-
tor.
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FIG. 5: (Color online) a Total on-site energyEn and its contributions
for n = 3 bosons andm = 1 fermion as functions of the interspecies
scattering length. The contributions are single-particle energies B,F
(green), Bose-Bose interaction UBB (red), and Bose-Fermi interac-
tion UBF (blue). The total on-site energy is visibly lower than the
lowest band prediction (dashed lines). b The total on-site energies
En for various numbers of bosons n and one fermion. With increas-
ing interspecies interaction the total energy decreases non-linearly.
The dashed lines correspond to a three times larger interaction range.
The markers are obtained by applying scaling theory as described in
the text.
The energy contributions are plotted in Fig. 5a for V0 =
15ER and n = 3 bosons (solid lines). The values significantly
deviate from the lowest-band approximation (dashed lines).
The single-particle energies n˜B + ˜F (green line) are mea-
sured relative to the lowest-band values and thus are always
positive. The occupation of higher orbitals causes a contrac-
tion of the wave functions which leads to an increase of the
absolute value of the Bose-Fermi interaction. This results in a
large reduction of the total on-site energy (black line) for large
scattering lengths aBF. Of course, also the repulsive interac-
tion among the bosonic particles (red line) contributes but is
less drastically influenced.
The total on-site energies for various boson numbers are
shown in Fig. 5b. The dashed lines correspond to a calcula-
tion with a three times larger interaction range. In general,
the contributions of higher bands are reduced with an increas-
ing interaction range. The figure shows that the energy is
only weakly affected by a the change of the (finite) interaction
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FIG. 6: (Color online) Phase diagrams of the lowest-band model (19)
with bond-charge interactions for different scattering lengths. For
comparison the results of the standard Hubbard model are shown as
a dashed black line.
range. Additionally, we applied scaling theory to estimate the
value of convergence for the on-site energy at the numerically
most demanding parameters V0 = 20ER and aBF = −300 a0
for an interaction range of 7.5 nm. We see that the error (dif-
ferences in energies) converges exponentially with both the
length of the many-particle basis and the number of orbitals.
Scaling our results according to the exponential behavior, we
are able to determine the converged energy value, where we
first perform the scaling in respect to the basis length for a
given number of orbitals. The results indicated as crosses in
Fig. 5b show only small deviations and justify the constraints
for the basis length and the number of orbitals applied for the
solid lines.
The total on-site energy becomes intrinsically occupation-
dependent (beyond the dependency in the standard Bose-
Fermi Hubbard model (2)) and can be written in terms of ef-
fective n-particle collisions [18, 23, 26]
E˜n = nE˜1 +
1
2
n(n− 1)E¯2 + 1
6
n(n− 1)(n− 2)E¯3... (18)
The first term E˜1 describes the interaction energy by two-
particle collisions between bosons and fermions. The sec-
ond term is the interaction energy caused by processes that
involve two bosons E¯2 = E˜2 − 2E˜1 and the third term
E¯3 = E˜3 − 3E¯2 − 3E˜1 involves three bosons. Although, the
restriction to the first three terms is enough to describe well
the energies for up to n = 5 bosons, we use here the exact
values for E˜n.
IV. SUPERFLUID TO MOTT-INSULATOR TRANSITION
After discussing off-site interactions and multi-orbital
renormalizations, we now turn back to the full many-body
quantum gas problem. Obviously, from the above results, it
is necessary to take both bond-charge interactions and higher
bands into account. First, we now define an extended model of
the lowest band that includes off-site interactions and discuss
its implications. Afterwards, we replace the lowest single-
particle band and parameters with the respective dressed ana-
logues and thereby include higher bands in a very efficient
way.
The extended Hubbard model of the lowest band reads
Hˆext =−
∑
〈i,j〉
[
JB+XBB(nˆi + nˆj − 1)+2XBF
]
bˆ†i bˆj
+
UBB
2
∑
i
nˆi(nˆi − 1)− µeff
∑
i
nˆi.
(19)
While the repulsive interaction between the bosons increases
the total tunneling, the attractive fermions reduce the bosonic
mobility. As one central result and in strong contrast to the
predictions of the standard Hubbard model (see section II) the
superfluid to Mott-insulator transition is shifted. The phase
diagrams are shown in Fig. 6 for different attractive Bose-
Fermi interaction strengths. For strong Bose-Fermi attrac-
tion and low bosonic filling, the transition occurs at much
shallower lattices, due to the effectively deepened tunnel-
ing potential. The effect is reversed when the repulsion be-
tween the bosons becomes stronger than the attraction to the
fermions, which is the case for weaker Bose-Fermi interaction
and higher bosonic filling. In Fig. 1b the critical lattice depth
for the transition is plotted as a function of the interspecies
interaction strength aBF. The dotted lines correspond to the
extended Hamiltonian (19) restricted to the lowest band.
When including higher bands we must replace the lowest-
band operators with those of the dressed band b˜i and b˜
†
i . Also,
the parameters J , X and U must be renormalized as dis-
cussed in section III. All tunneling contributions, i.e., con-
ventional tunneling, both bond-charge interactions as well as
their multi-orbital renormalizations can be combined to one
total tunneling parameter
J˜ totni,nj = J˜ni,nj +X˜BB,ni,nj (ni+nj−1)+2X˜BF,ni,nj , (20)
which is explicitly occupation-number dependent. The renor-
malized on-site energy
E˜n = n˜B,n + ˜F,n +
1
2
n(n− 1)U˜n + nU˜BF,n (21)
is composed of the renormalized single particle energies of
bosons ˜B,n and fermions ˜F,n as well as the interaction ener-
gies for the repulsion between the bosons 12n(n − 1)U˜n and
the attraction between the species nU˜BF,n. This allows to de-
fine the extended Hamiltonian of the dressed band in equation
(1), namely,
H˜ext = −
∑
〈i,j〉
b˜†i b˜j J˜
tot
nˆj ,nˆi +
∑
i
E˜nˆi − µ
∑
i
nˆi. (22)
The dressed-band Hamiltonian now takes into account all
higher-band processes and all relevant nearest-neighbor inter-
actions. The multi-orbital corrections of the Bose-Fermi inter-
action have a strong impact on the chemical potential at which
the transition to a certain Mott-lobe occurs. This distorts and
9shifts the phase diagram along the axis of the chemical poten-
tial. Therefore, we plot Fig. 1a in terms of an effective chem-
ical potential µeff = µ − E˜1. Concerning the transition point
of the bosonic superfluid to Mott-insulator transition, the re-
duction of the total on-site energy by multi-orbital processes
counters the effect of reduced total tunneling. Nonetheless,
the total effect on the transition can be a shift of several re-
coil energies ER depending on interaction strengths and fill-
ing factors (Fig. 1b). Note that the lowest-band model Hˆext
underestimates the impact on the superfluid to Mott- insula-
tor transition by only up to 1ER, which is surprising keep-
ing the strong changes of the individual amplitudes in mind.
However, this (coincidental) compensation of the contribut-
ing amplitudes depends on the choice of system parameters.
Furthermore, it has been demonstrated that the on-site inter-
action [26, 33] and the effective tunneling matrix element [4]
are experimentally well accessible and can be measured inde-
pendently.
V. DENSITY-DENSITY INTERACTIONS AND
PAIR-TUNNELING
In the above model, several off-site processes have been ne-
glected due to their small amplitude in the lowest band. In this
context the question arises, whether the multi-orbital dress-
ing can enhance them to non-negligible values. The corre-
lated pair tunneling and the density-density interactions both
have very small amplitudes because in the integrand the small
tail of the Wannier function enters quadratically on both lat-
tice sites. By contrast, in the bond-charge integral the tail is
multiplied three times with the center of a Wannier function.
However, when taking into account strongly delocalized wave
functions of higher bands, this argument no longer applies
and all processes need to be reconsidered, since the overlap
integrals become comparable for all types of off-site interac-
tions. These contributions are strongly suppressed in the case
of density-density interactions, because the initial and final
state both depend on higher-band contributions with small co-
efficients cN  1 to produce a large integral, whereas in the
case of pair tunneling one of them can be the ground state
(cN ≈ 1). Although, the multi-orbitally renormalized pair
tunneling is usually smaller than the conventional tunneling
it can, in general, reach the same order of magnitude. Due
to this structure it has very bad convergence properties in re-
spect to the total number of contributing bands. As a fourth
order contribution in perturbation theory it can, however, be
neglected even for rather large amplitudes. Density-density
interactions are not as strongly influenced and remain small.
This justifies, the restriction to the extensions incorporated in
Hamiltonian (1), which includes all relevant off-site interac-
tions.
VI. CONCLUSIONS
We have discussed the important role of interaction effects
in atomic quantum gas mixtures in optical lattices. Off-site
interactions as well as higher band processes turn out to have
a strong impact on these systems, which we are able to calcu-
late using an extended occupation-dependent Hubbard model.
In particular, we have focused on Bose-Fermi mixtures in this
paper, where the standard Bose-Fermi-Hubbard model fails
to cover all relevant processes. This manifests itself in a
strong shift of the superfluid to Mott-insulator transition in
the bosonic subsystem, which is not predicted by the stan-
dard Hubbard model. The critical lattice depth is shifted to-
wards shallower lattices with increasing Bose-Fermi attrac-
tion. Similar corrections are present for all experiments with
optical lattices and can be expected to be relevant, e.g., for
Bose-Bose mixtures, low-dimensional systems or other lat-
tice geometries. Omitting the condition of having a fermionic
band insulator, which we have applied here, the presented ex-
tensions of the Bose-Fermi Hubbard model can lead to very
rich physics such as the formation of polarons.
We have shown that for optical lattice systems the bond-
charge tunneling [9, 12–18] is the most important contribu-
tion of the nearest-neighbor off-site interaction as it can dras-
tically influence the tunneling. Repulsive interactions en-
hance the total tunneling, whereas the attractive interactions
reduce it. In an intuitive picture, this can be described as low-
ered and increased effective potentials, respectively. Further-
more, higher band processes not only reduce the total on-site
energy but also have an impact on the conventional tunnel-
ing and the bond-charge interactions. We have treated the
problem by dressing [17, 18] the lowest single-particle band
with interaction-induced occupations of higher-orbital states.
This leads to a renormalization of interactions and tunneling
parameters that become intrinsically occupation-dependent.
These parameters have been used in order to define an ex-
tended Bose-Fermi-Hubbard model capable of describing ef-
fects of higher orbitals and off-site interactions in Bose-Fermi
mixtures.
The results show in general that interactions in multi-
component systems can have a crucial impact beyond the stan-
dard Hubbard treatment. In the presented case, the standard
Hubbard model is incapable of describing the interspecies
interaction between bosonic and fermionic atoms correctly.
While here mainly the effects on the bosonic atoms have been
discussed, the mutual interaction affects the fermionic atoms
similarly, which has recently been observed in experiment [4].
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